Abstract. An important result of Turull (1984) is the following:
Lemma ([3, Lemma 1]). Let G = ST be a group where S G, S is a p-group and T is a t-group for distinct primes p and t, and let α be an automorphism of G of order p n which leaves T invariant. Assume that C T /T 0 (z) = 1, where T 0 = C T (S)
and z = α 
Theorem 1. Let α be a cyclic group of order p n for some prime p, and let G be a group acted on by α . Suppose that S G α is an s-group and T is an α -invariant t-subgroup of G for distinct primes s and t, such that [S, T ] = 1. Let V be a kG α -module on which S acts faithfully, where k is a field of characteristic not dividing s. Let
Proof. Set H = G α and use induction on |H| + dim k V . We may assume that n = 1 and G = ST .
(1) Φ(T/T 0 ) = 1 and α acts irreducibly on T/T 0 . This is an immediate consequence of induction argument applied to
Assume the contrary. Then T/T 0 is centralized by any 1 = x ∈ (T/T 0 ) α − (T/T 0 ). Let U be an irreducible T α -submodule of S/Φ(S) on which T acts nontrivially, and let t ∈ T/T 0 such that [U, t] = 1. Then C U (t) = 1. This yields a contradiction as U = C U (a)|1 = a ∈ t, α by ( [6, 5.3.16] ) and
Let S 1 be a normal subgroup of H properly contained in S on which T acts nontrivially. Put 
by the three subgroup lemma. By [5] applied to the action of both [S, α] α and T α on M , we conclude that s = 2 = t, which is impossible.
Thus S is abelian. The number of homogeneous components of M 1 | S is a power of t and so the number of homogeneous components of M | S is also a power of t. 2n+1 and p = 2 n + 1 for some n ≥ 1, by [5] .
By [6, 5.5 .2], the number of distinct cyclic subgroups of order 4 in S is
Since each cyclic group of order 4 contains two elements of order 4, and distinct cyclic subgroups of order 4 have no element of order 4 in common, there are 2
elements of order 4 in S. As T α acts irreducibly on S/Φ(S) and [S, T ] = S, we have C S (T ) ≤ Φ(S). It follows that C S (T ) = Φ(S), since [Φ(S)
, T ] = 1. Now Φ(S) contains no element of order 4, since it is cyclic of order 2. Thus T α permutes the elements of S of order 4, without fixing any, in orbit of length |(T α )/(Φ(T ))| = tp. Therefore tp divides 2 n (2 n ± 1). But as t = s = 2 and p = 2 n + 1, tp divides 2 n + 1 = p which yields that t = 1, a contradiction. (7) Finally, let M be an irreducible ST α -submodule of V on which S acts non- Proof. Let H = G α be a minimal counterexample to the theorem. We may assume that f (G) = 4. Then by Lemma 1 in [2] there exist subgroups C i of G and subgroups D i C i for i = 1, 2, 3, 4 and an element x ∈ H − G of order p such that the following are satisfied:
(i) C i is a p i -subgroup for some prime p i , i.e. π(C i ) = {p i } for any i and p i = p i+1 for i = 1, 2, 3.
(ii) C i and D i are ( j>i C j ) α -invariant for any i.
is a special group on the Frattini factor group of which ( j>i C j ) α acts irreducibly and C i+1 acts trivially on Φ(C i ) for any i. 
